Dimensional Reduction over Coset Spaces and Supersymmetry Breaking by Manousselis, P. & Zoupanos, G.
ar
X
iv
:h
ep
-p
h/
01
11
12
5v
2 
 8
 Ja
n 
20
02
NTUA–08/01
hep-ph/0111125
Dimensional Reduction over Coset Spaces
and
Supersymmetry Breaking.
P. Manousselisa and G. Zoupanosb
Physics Department, National Technical University,
Zografou Campus, 157 80 Athens, Greece.
Abstract
We address the question of supersymmetry breaking of a higher dimensional supersymmetric
theory due to coset space dimensional reduction. In particular we study a ten-dimensional
supersymmetric E8 gauge theory which is reduced over all six-dimensional coset spaces. We
find that the original supersymmetry is completely broken in the process of dimensional re-
duction when the coset spaces are symmetric. On the contrary softly broken four-dimensional
supersymmetric theories result when the coset spaces are non-symmetric. From our analysis
two promising cases are emerging which lead to interesting GUTs with three fermion families
in four dimensions, one being non-supersymmetric and the other softly broken supersym-
metric.
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1 Introduction
The celebrated Standard Model (SM) of Elementary Particle Physics had so far outstanding
successes in all its confrontations with experimental results. However the apparent success
of the SM is spoiled by the presence of a plethora of free parameters mostly related to the
ad-hoc introduction of the Higgs and Yukawa sectors in the theory. It is worth recalling that
the Coset Space Dimensional Reduction (CSDR) [1, 2, 3] was suggesting from the beginning
that a unification of the gauge and Higgs sectors can be achieved in higher dimensions. The
four-dimensional gauge and Higgs fields are simply the surviving components of the gauge
fields of a pure gauge theory defined in higher dimensions. In the next step of development
of the CSDR scheme, fermions were introduced [4] and then the four-dimensional Yukawa
and gauge interactions of fermions found also a unified description in the gauge interactions
of the higher dimensional theory. The last step in this unified description in high dimensions
is to relate the gauge and fermion fields that have been introduced. A simple way to achieve
that is to demand that the higher dimensional gauge theory is N = 1 supersymmetric which
requires that the gauge and fermion fields are members of the same supermultiplet. An
additional strong argument towards higher dimensional supersymmetry including gravity
comes from the stability of the corresponding compactifying solutions that lead to the four-
dimensional theory.
In the spirit described above a very welcome additional input is that string theory suggests
furthermore the dimension and the gauge group of the higher dimensional supersymmetric
theory [5]. Further support to this unified description comes from the fact that the reduction
of the theory over coset [2] and CY spaces [5] provides the four-dimensional theory with
scalars belonging in the fundamental representation of the gauge group as are introduced in
the SM. In addition the fact that the SM is a chiral theory lead us to consider D-dimensional
supersymmetric gauge theories with D = 4n + 2 [6, 2], which include the ten dimensions
suggested by the heterotic string theory [5].
Concerning supersymmetry, the nature of the four-dimensional theory depends on the
corresponding nature of the compact space used to reduce the higher dimensional theory.
Specifically the reduction over CY spaces leads to supersymmetric theories [5] in four di-
mensions, the reduction over symmetric coset spaces leads to non-supersymmetric theories,
while a reduction over non-symmetric ones leads to softly broken supersymmetric theories
[7]. Concerning the latter as candidate four-dimensional theories that describe the nature,
in addition to the usual arguments related to the hierarchy problem [8], we should remind
a further evidence established in their favor the last years. It was found that the search
for renormalization group invariant (RGI) relations among parameters of softly broken su-
persymmetric GUTs considered as a unification scheme at the quantum level, could lead to
successful predictions in low energies. More specifically the search for RGI relations was con-
cerning the parameters of softly broken GUTs beyond the unification point and could lead
even to all-loop finiteness [9, 10]. On the other hand in the low energies lead to successful
predictions not only for the gauge couplings but also for the top quark mass, among others,
and to interesting testable predictions for the Higgs mass [11].
The paper is organized as follows. In section 2 we present various details of the Coset
Space Geometry with emphasis in the inclusion of torsion and more than one radii when
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possible. The CSDR scheme is also presented in sufficient detail to make the paper self-
contained. In section 3 supersymmetry breaking via CSDR is examined. In 3.1 the issue of
supersymmetry breaking in CSDR over symmetric coset spaces is analyzed with presentation
of explicit examples of reduction of a supersymmetric ten-dimensional E8 gauge theory over
all symmetric six-dimensional coset spaces. Section 3.2 contains an explicit and detailed
study of the supersymmetry breaking of the same supersymmetric ten-dimensional E8 gauge
theory, compactified over all non-symmetric coset spaces i.e. G2/SU(3), Sp(4)/(SU(2) ×
U(1))non−max. and SU(3)/U(1)×U(1). In section 4 we present our conclusions. The appendix
A contains the commutation relations on which the calculations of section 3 are based on,
while the appendix B contains details related to the calculation of the gaugino mass in the
reduction over the SU(3)/U(1)× U(1) coset space.
2 The Coset Space Dimensional Reduction.
Given a gauge theory defined in higher dimensions the obvious way to dimensionally reduce it
is to demand that the field dependence on the extra coordinates is such that the Lagrangian is
independent of them. A crude way to fulfill this requirement is to discard the field dependence
on the extra coordinates, while an elegant one is to allow for a non-trivial dependence
on them, but impose the condition that a symmetry transformation by an element of the
isometry group S of the space formed by the extra dimensions B corresponds to a gauge
transformation. Then the Lagrangian will be independent of the extra coordinates just
because it is gauge invariant. This is the basis of the CSDR scheme [1, 2, 3], which assumes
that B is a compact coset space, S/R.
In the CSDR scheme one starts with a Yang-Mills-Dirac Lagrangian, with gauge group
G, defined on a D-dimensional spacetime MD, with metric gMN , which is compactified to
M4 × S/R with S/R a coset space. The metric is assumed to have the form
gMN =
[
ηµν 0
0 −gab
]
, (1)
where ηµν = diag(1,−1,−1,−1) and gab is the coset space metric. The requirement that
transformations of the fields under the action of the symmetry group of S/R are compen-
sated by gauge transformations lead to certain constraints on the fields. The solution of
these constraints provides us with the four-dimensional unconstrained fields as well as with
the gauge invariance that remains in the theory after dimensional reduction. Therefore a
potential unification of all low energy interactions, gauge, Yukawa and Higgs is achieved,
which was the first motivation of this framework.
It is interesting to note that the fields obtained using the CSDR approach are the first
terms in the expansion of the D-dimensional fields in harmonics of the internal space B. The
effective field theories resulting from compactification of higher dimensional theories contain
also towers of massive higher harmonics (Kaluza-Klein) excitations, whose contributions at
the quantum level alter the behaviour of the running couplings from logarithmic to power
[12]. As a result the traditional picture of unification of couplings may change drastically [13].
Higher dimensional theories have also been studied at the quantum level using the continuous
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Wilson renormalization group [14] which can be formulated in any number of space-time
dimensions with results in agreement with the treatment involving massive Kaluza-Klein
excitations.
Before we proceed with the description of the CSDR scheme we need to recall some facts
about coset space geometry needed for subsequent discussions. Complete reviews can be
found in [2, 15].
2.1 Coset Space Geometry.
Assuming a D-dimensional spacetime MD with metric gMN given in eq.(1) it is instructive
to explore further the geometry of all coset spaces S/R.
We can divide the generators of S, QA in two sets : the generators of R, Qi (i =
1, . . . , dimR), and the generators of S/R, Qa( a = dimR + 1 . . . , dimS), and dimS/R =
dimS−dimR = d. Then the commutation relations for the generators of S are the following:
[Qi, Qj] = f
k
ij Qk,
[Qi, Qa] = f
b
ia Qb,
[Qa, Qb] = f
i
ab Qi + f
c
ab Qc. (2)
So S/R is assumed to be a reductive but in general non-symmetric coset space. When
S/R is symmetric, the f cab in eq.(2) vanish. Let us call the coordinates of M
4 × S/R space
zM = (xm, yα), where α is a curved index of the coset, a is a tangent space index and y defines
an element of S which is a coset representative, L(y). The vielbein and the R-connection
are defined through the Maurer-Cartan form which takes values in the Lie algebra of S :
L−1(y)dL(y) = eAαQAdy
α. (3)
Using eq.(3) we can compute that at the origin y = 0, eaα = δ
a
α and e
i
α = 0. A connection on
S/R which is described by a connection-form θab, has in general torsion and curvature. In
the general case where torsion may be non-zero, we calculate first the torsionless part ωab by
setting the torsion form T a equal to zero,
T a = dea + ωab ∧ eb = 0, (4)
while using the Maurer-Cartan equation,
dea =
1
2
fabce
b ∧ ec + fabieb ∧ ei, (5)
we see that the condition of having vanishing torsion is solved by
ωab = −faibei −
1
2
fabce
c − 1
2
Kabce
c, (6)
where Kabc is symmetric in the indices b, c, therefore K
a
bce
c ∧ eb = 0. The Kabc can be found
from the antisymmetry of ωab, ω
a
bg
cb = −ωbcgca, leading to
Ka bc = g
ad(gbef
e
dc + gcef
e
db ). (7)
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In turn ωab becomes
ωab = −faibei −Da bcec, (8)
where
Da bc =
1
2
gad[f edb gec + f
e
cb gde − f ecd gbe].
The D’s can be related to f ’s by a rescaling [2]:
Dabc = (λ
aλb/λc)fabc,
where the λ’s depend on the coset radii. Note that in general the rescalings change the
antisymmetry properties of f ’s, while in the case of equal radii Dabc =
1
2
fabc. Note also that
the connection-form ωab is S-invariant. This means that parallel transport commutes with
the S action [15]. Then the most general form of an S-invariant connection on S/R would
be
ωab = f
a
ibe
i + Ja cbe
c, (9)
with J an R-invariant tensor, i.e.
δJ acb = −f dic J adb + f aid J dcb − f dib J acd = 0.
This condition is satisfied by the D’s as can be proven using the Jacobi identity.
In the case of non-vanishing torsion we have
T a = dea + θab ∧ eb, (10)
where
θab = ω
a
b + τ
a
b,
with
τab = −
1
2
Σabce
c, (11)
while the contorsion Σa bc is given by
Σa bc = T
a
bc + T
a
bc − T acb (12)
in terms of the torsion components T a bc. Therefore in general the connection-form θ
a
b is
θab = −faicei − (Dabc +
1
2
Σabc)e
c = −faicei −Gabcec. (13)
The natural choice of torsion which would generalize the case of equal radii [16, 17, 18],
T abc = ηf
a
bc would be T
a
bc = 2τD
a
bc except that the D’s do not have the required symmetry
properties. Therefore we must define Σ as a combination of D’s which makes Σ completely
antisymmetric and S-invariant according to the definition given above. Thus we are led to
the definition
Σabc ≡ 2τ(Dabc +Dbca −Dcba). (14)
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In this general case the Riemann curvature two-form is given by [2], [18]:
Rab = [−
1
2
f aib f
i
de −
1
2
G acbf
c
de +
1
2
(G adcG
c
eb −G aecG cdb)]ed ∧ ee, (15)
whereas the Ricci tensor Rab = R
d
adb is
Rab = G
c
baG
d
dc −G dbcG cda −G dcaf cdb − f dia f idb. (16)
By choosing the parameter τ to be equal to zero we can obtain the Riemannian connection
θ aR b. We can also define the canonical connection by adjusting the radii and τ so that
the connection form is θ aC b = −fabiei, i.e. an R-gauge field [16]. The adjustments should
be such that Gabc = 0. In the case of G2/SU(3) where the metric is gab = aδab, we have
Gabc =
1
2
a(1 + 3τ)fabc and in turn τ = −13 . In the case of Sp(4)/(SU(2) × U(1))non−max.,
where the metric is gab = diag(a, a, b, b, a, a), we have to set a = b and then τ = −13 to
obtain the canonical connection. Similarly in the case of SU(3)/(U(1) × U(1)), where the
metric is gab = diag(a, a, b, b, c, c), we should set a = b = c and take τ = −13 . By analogous
adjustments we can set the Ricci tensor equal to zero [16], thus defining a Ricci flattening
connection.
2.2 Reduction of a D-dimensional Yang-Mills-Dirac Lagrangian.
The group S acts as a symmetry group on the extra coordinates. The CSDR scheme demands
that an S-transformation of the extra d coordinates is a gauge transformation of the fields
that are defined on M4 × S/R, thus a gauge invariant Lagrangian written on this space is
independent of the extra coordinates.
To see this in detail we consider a D-dimensional Yang-Mills-Dirac theory with gauge
group G defined on a manifold MD which as stated will be compactified to M4 × S/R,
D = 4 + d, d = dimS − dimR:
A =
∫
d4xddy
√−g
[
−1
4
Tr (FMNFKΛ) g
MKgNΛ +
i
2
ψΓMDMψ
]
, (17)
where
DM = ∂M − θM −AM , (18)
with
θM =
1
2
θMNΛΣ
NΛ (19)
the spin connection of MD, and
FMN = ∂MAN − ∂NAM − [AM , AN ] , (20)
where M , N run over the D-dimensional space. The fields AM and ψ are, as explained,
symmetric in the sense that any transformation under symmetries of S/R is compensated
by gauge transformations. The fermion fields can be in any representation F of G unless
a further symmetry such as supersymmetry is required. So let ξαA, A = 1, . . . , dimS, be
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the Killing vectors which generate the symmetries of S/R and WA the compensating gauge
transformation associated with ξA. Define next the infinitesimal coordinate transformation
as δA ≡ LξA , the Lie derivative with respect to ξ, then we have for the scalar,vector and
spinor fields,
δAφ = ξ
α
A∂αφ = D(WA)φ,
δAAα = ξ
β
A∂βAα + ∂αξ
β
AAβ = ∂αWA − [WA, Aα], (21)
δAψ = ξ
α
Aψ −
1
2
GAbcΣ
bcψ = D(WA)ψ.
WA depend only on internal coordinates y and D(WA) represents a gauge transformation
in the appropriate representation of the fields. GAbc represents a tangent space rotation
of the spinor fields. The variations δA satisfy, [δA, δB] = f
C
ABδC and lead to the following
consistency relation for WA’s,
ξαA∂αWB − ξαB∂αWA − [WA,WB] = f CAB WC . (22)
Furthermore the W’s themselves transform under a gauge transformation [2] as,
W˜A = gWAg
−1 + (δAg)g
−1. (23)
Using eq.(23) and the fact that the Lagrangian is independent of y we can do all calculations
at y = 0 and choose a gauge where Wa = 0.
The detailed analysis of the constraints (21) given in refs.[1, 2] provides us with the four-
dimensional unconstrained fields as well as with the gauge invariance that remains in the
theory after dimensional reduction. Here we give the results. The components Aµ(x, y) of the
initial gauge field AM(x, y) become, after dimensional reduction, the four-dimensional gauge
fields and furthermore they are independent of y. In addition one can find that they have
to commute with the elements of the RG subgroup of G. Thus the four-dimensional gauge
group H is the centralizer of R in G, H = CG(RG). Similarly, the Aα(x, y) components of
AM(x, y) denoted by φα(x, y) from now on, become scalars at four dimensions. These fields
transform under R as a vector v, i.e.
S ⊃ R
adjS = adjR + v. (24)
Moreover φα(x, y) act as an intertwining operator connecting induced representations of
R acting on G and S/R. This implies, exploiting Schur’s lemma, that the transformation
properties of the fields φα(x, y) under H can be found if we express the adjoint representation
of G in terms of RG ×H :
G ⊃ RG ×H
adjG = (adjR, 1) + (1, adjH) +
∑
(ri, hi). (25)
Then if v =
∑
si, where each si is an irreducible representation of R, there survives an hi
multiplet for every pair (ri, si), where ri and si are identical irreducible representations of
R.
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Turning next to the fermion fields [2, 4, 6, 19] similarly to scalars, they act as intertwining
operators between induced representations acting on G and the tangent space of S/R, SO(d).
Proceeding along similar lines as in the case of scalars to obtain the representation ofH under
which the four-dimensional fermions transform, we have to decompose the representation F
of the initial gauge group in which the fermions are assigned under RG ×H , i.e.
F =
∑
(ti, hi), (26)
and the spinor of SO(d) under R
σd =
∑
σj . (27)
Then for each pair ti and σi, where ti and σi are identical irreducible representations there
is an hi multiplet of spinor fields in the four-dimensional theory. In order however to obtain
chiral fermions in the effective theory we have to impose further requirements. We first
impose the Weyl condition in D dimensions. In D = 4n+ 2 dimensions which is the case at
hand, the decomposition of the left handed, say spinor under SU(2)× SU(2)× SO(d) is
σD = (2, 1, σd) + (1, 2, σd). (28)
So we have in this case the decompositions
σd =
∑
σk, σd =
∑
σk. (29)
Let us start from a vector-like representation F for the fermions. In this case each term
(ti, hi) in eq.(26) will be either self-conjugate or it will have a partner (ti, hi). According
to the rule described in eqs.(26), (27) and considering σd we will have in four dimensions
left-handed fermions transforming as fL =
∑
hLk . It is important to notice that since σd is
non self-conjugate, fL is non self-conjugate too. Similarly from σd we will obtain the right
handed representation fR =
∑
h
R
k but as we have assumed that F is vector-like, h
R
k ∼ hLk .
Therefore there will appear two sets of Weyl fermions with the same quantum numbers
under H . This is already a chiral theory, but still one can go further and try to impose the
Majorana condition in order to eliminate the doubling of the fermionic spectrum. We should
remark now that if we had started with F complex, we should have again a chiral theory
since in this case h
R
k is different from h
L
k (σd non self-conjugate). Nevertheless starting with F
vector-like is much more appealing and will be used in the following along with the Majorana
condition. The Majorana condition can be imposed in D = 2, 3, 4 + 8n dimensions and is
given by ψ = Cψ
T
, where C is the D-dimensional charge conjugation matrix. Majorana and
Weyl conditions are compatible in D = 4n+2 dimensions. Then in our case if we start with
Weyl-Majorana spinors in D = 4n+2 dimensions we force fR to be the charge conjugate to
fL, thus arriving in a theory with fermions only in fL. Furthermore if F is to be real, then
we have to have D = 2 + 8n, while for F pseudoreal D = 6 + 8n.
Starting with an anomaly free theory in higher dimensions, in ref.[20] was given the
condition that has to be fulfilled in order to obtain anomaly free theories in four dimensions
after dimensional reduction. The condition restricts the allowed embeddings of R into G
[21, 2]. For G = E8 in ten dimensions the condition takes the form
l(G) = 60, (30)
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where l(G) is the sum over all indices of the R representations appearing in the decomposition
of the 248 representation of E8 under E8 ⊃ R×H . The normalization is such that the vector
representation in eq.(24) which defines the embedding of R into SO(6), has index two.
2.3 The Four-Dimensional Theory.
Next let us obtain the four-dimensional effective action. Assuming that the metric is block
diagonal, taking into account all the constraints and integrating out the extra coordinates
we obtain in four dimensions the following Lagrangian :
A = C
∫
d4x
(
−1
4
F tµνF
tµν +
1
2
(Dµφα)
t(Dµφα)t + V (φ) +
i
2
ψΓµDµψ − i
2
ψΓaDaψ
)
, (31)
where Dµ = ∂µ − Aµ and Da = ∂a − θa − φa with θa = 12θabcΣbc the connection of the coset
space, while C is the volume of the coset space. The potential V (φ) is given by:
V (φ) = −1
4
gacgbdTr(fCabφC − [φa, φb])(fDcdφD − [φc, φd]), (32)
where, A = 1, . . . , dimS and f ’ s are the structure constants appearing in the commutators
of the generators of the Lie algebra of S. The expression (32) for V (φ) is only formal because
φa must satisfy the constraints coming from eq.(21),
fDaiφD − [φa, φi] = 0, (33)
where the φi generate RG. These constraints imply that some components φa’s are zero,
some are constants and the rest can be identified with the genuine Higgs fields. When V (φ)
is expressed in terms of the unconstrained independent Higgs fields, it remains a quartic
polynomial which is invariant under gauge transformations of the final gauge group H , and
its minimum determines the vacuum expectation values of the Higgs fields [22, 23, 24]. The
minimization of the potential is in general a difficult problem. If however S has an isomorphic
image SG in G which contains RG in a consistent way then it is possible to allow the φa
to become generators of SG. That is φa =< φ
i > Qai = Qa with < φ
i > Qai suitable
combinations of G generators, Qa a generator of SG and a is also a coset-space index. Then
F ab = f
i
ab Qi + f
c
ab φc − [φa, φb]
= f iab Qi + f
c
ab Qc − [Qa, Qb] = 0
because of the commutation relations of S. Thus we have proven that V (φ = φ) = 0
which furthermore is the minimum, because V is positive definite. Furthermore, the four-
dimensional gauge group H breaks further by these non-zero vacuum expectation values of
the Higgs fields to the centralizer K of the image of S in G, i.e. K = CG(S) [2, 22, 23, 24].
This can been seen if we examine a gauge transformation of φa by an element h of H . Then
we have
φa → hφah−1, h ∈ H
We note that the v.e.v. of the Higgs fields is gauge invariant for the set of h’s that commute
with S. That is h belongs to a subgroup K of H which is the centralizer of SG in G.
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More generally it can be proven [2] that dimensional reduction over a symmetric coset
space always gives a potential of spontaneous breaking form. Note that in this case the
potential acquires the form,
V (φ) = −1
4
gacgbdTr(f iab Ji − [φa, φb])(f jcd Jj − [φa, φb]). (34)
since the structure constants f cab are equal to zero. Next we decompose the adjoint repre-
sentation of S under R,
S ⊃ R
adjS = adjR + Σ(sa + sa), (35)
and introduce the generators of the coset,
QS = (Qi, Qsa , Qsa), (36)
where Qi correspond to R and Qsa and Qsa to sa and sa. With this notation and using the
complex metric gij the potential (34) can be rewritten as
V (φ) = −1
2
gsasagtataTr(f isataJi − [φsa, φta ])(f jsataJj − [φsa , φta ])
−1
2
gsasagtataTr(f isataJi − [φsa, φta ])(f jsataJj − [φsa , φta]). (37)
Note that the structure constants involved in the first and the second parentheses inside
the traces in eq.(37) are of opposite sign, since they appear in the commutator of conjugate
generators. The same is true for the commutator of two φ fields, since they are actually
expressed as linear combinations of the gauge group generators; if φsa is connected to one
generator then φsa will be connected to its conjugate generator. As a result, terms involving
two Ji will be constant positive terms, terms with one Ji and a φ commutator will be negative
mass terms, and finally terms involving two φ commutators will be quatric positive terms.
This result remains unaltered if the more general case is considered, where the vector of
the coset S/R decomposed under R contains also real representations. So in conclusion the
potential obtained from the dimensional reduction of a gauge theory over symmetric coset
spaces is always of a spontaneous breaking form.
In the fermion part of the Lagrangian the first term is just the kinetic term of fermions,
while the second is the Yukawa term [25]. Note that since ψ is a Majorana-Weyl spinor in
ten dimensions the representation in which the fermions are assigned under the gauge group
must be real. The last term in eq.(31) can be written as
LY = − i
2
ψΓa(∂a − 1
2
fibce
i
γe
γ
aΣ
bc − 1
2
GabcΣ
bc − φa)ψ = i
2
ψΓa∇aψ + ψV ψ, (38)
where
∇a = −∂a + 1
2
fibce
i
γe
γ
aΣ
bc + φa, (39)
V =
i
4
ΓaGabcΣ
bc, (40)
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and we have used the full connection with torsion [18] given by
θa cb = −fa ibeiαeαc − (Da cb +
1
2
Σa cb) = −fa ibeiαeαc −Ga cb (41)
with
Da cb = g
ad1
2
[f edb gec + f
e
cb gde − f ecd gbe] (42)
and
Σabc = 2τ(Dabc +Dbca −Dcba). (43)
We have already noticed that the CSDR constraints tell us that ∂aψ = 0. Furthermore we can
consider the Lagrangian at the point y = 0, due to its invariance under S-transformations,
and as we mentioned eiγ = 0 at that point. Therefore eq.(39) becomes just ∇a = φa and the
term i
2
ψΓa∇aψ in eq.(38) is exactly the Yukawa term.
Let us examine now the last term appearing in eq.(38). One can show easily that the
operator V anticommutes with the six-dimensional helicity operator [2]. Furthermore one
can show that V commutes with the Ti = −12fibcΣbc (Ti close the R-subalgebra of SO(6)). In
turn we can draw the conclusion, exploiting Schur’s lemma, that the non-vanishing elements
of V are only those which appear in the decomposition of both SO(6) irreps 4 and 4, e.g. the
singlets. Since this term is of pure geometric nature, we reach the conclusion that the singlets
in 4 and 4 will acquire large geometrical masses, a fact that has serious phenomenological
implications. In supersymmetric theories defined in higher dimensions, it means that the
gauginos obtained in four dimensions after dimensional reduction receive masses comparable
to the compactification scale. However as we shall see in the next sections this result changes
in presence of torsion. We note that for symmetric coset spaces the V operator is absent
because f cab are vanishing by definition in that case.
3 Supersymmetry Breaking by Dimensional Reduction
over Coset Spaces.
Recently a lot of interest has been triggered by the possibility that superstrings can be
defined at the TeV scale [26]. The string tension became an arbitrary parameter and can
be anywhere below the Planck scale and as low as TeV. The main advantage of having the
string tension at the TeV scale, besides the obvious experimental interest, is that it offers an
automatic protection to the gauge hierarchy [26], alternative to low energy supersymmetry
[8], or dynamical electroweak symmetry breaking [27, 28, 29]. However the only vacua of
string theory free of all pathologies are supersymmetric. Then the original supersymmetry
of the theory, not being necessary in four dimensions, could be broken by the dimensional
reduction procedure.
The weakly coupled ten-dimensional E8 × E8 supersymmetric gauge theory is one of
the few to posses the advantage of anomaly freedom [30] and has been extensively used in
efforts to describe quantum gravity along with the observed low energy interactions in the
heterotic string framework [5]. In addition its strong coupling limit provides an interesting
example of the realization of the brane picture, i.e. E8 gauge fields and matter live on the
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two ten-dimensional boundaries, while gravitons propagate in the eleven-dimensional bulk
[31].
In the following we shall be reducing a supersymmetric ten-dimensional gauge theory
based on E8 over coset spaces and examine the consequences of the resulting four-dimensional
theory mostly as far as supersymmetry breaking is concerned.
3.1 Supersymmetry Breaking by Dimensional Reduction over Sym-
metric Coset spaces.
Let us first examine the reduction of the ten dimensional N = 1 supersymmetric E8 gauge
theory over the symmetric coset spaces of table 1.
a. Reduction of G = E8 over B = SO(7)/SO(6)
First we review the reduction of E8 over the 6-sphere [2, 6, 7]. In that case B =
SO(7)/SO(6), D = 10 and the Weyl-Majorana fermions belong in the adjoint of G. The
embedding of R = SO(6) in E8 is suggested by the decomposition
E8 ⊃ SO(6)× SO(10)
248 = (15, 1) + (1, 45) + (6, 10) + (4, 16) + (4, 16). (44)
The R = SO(6) content of the vector and spinor of SO(7)/SO(6) are 6 and 4 respectively.
The condition that guarantees the anomaly freedom of the four-dimensional theory given in
eq.(30) is satisfied and the resulting gauge group is H = CE8(SO(6)) = SO(10). According
to the CSDR rules (24),(25) and (26),(27) the surviving scalars in four dimensions trans-
form as a 10-plet under the gauge group SO(10), while the surviving fermions provide the
four-dimensional theory with a 16L and a 16R which are identified by the Weyl-Majorana
condition. Concerning supersymmetry obviously any sign of the supersymmetry of the orig-
inal theory has disappeared in the process of dimensional reduction. On the other hand
the four-dimensional theory is a GUT with fermions in a multiplet which is appropriate to
describe quarks and leptons (including a right-handed neutrino). Finally since the SO(7)
has an isomorphic image in E8, according to the theorem discussed in the subsection 2.3, the
SO(10) breaks further due to the v.e.v. of the 10-plet Higgs down to CE8(SO(7)) = SO(9).
Therefore the scalar field content of the four-dimensional theory is appropriate for the elec-
troweak symmetry breaking but not for the GUT breaking.
b. Reduction of G = E8 over B = SU(4)/SU(3)× U(1).
In this case G = E8 and S/R = SU(4)/SU(3)× U(1). The embedding of R = SU(3)×
U(1) is determined by the following decomposition
E8 ⊃ SU(3)× U(1)× SO(10)
248 = (10+3−4+34+80, 1)+ (10, 45)+ (32+3−2, 10)+ (13+3−1, 16)+ (1−3+31, 16), (45)
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where the SU(3) × U(1) is the maximal subgroup of SO(6) ≈ SU(4) appearing in the de-
composition (44). The R is chosen to be identified with the SU(3) × U(1) of the above
decomposition. Therefore the resulting four-dimensional gauge group is H = CE8(SU(3)×
U(1)) = SO(10) × U(1) (The U(1) appears since the U(1) in R centralizes itself). The
R = SU(3)×U(1) content of SU(4)/SU(3)×U(1) vector and spinor can be read from table
1 and are 3−2+32 and 13+3−1 respectively. Therefore we find that the surviving scalars in
four dimensions transform as 102 and 10−2, while the four-dimensional fermions transform
as 163 and 16−1 under the four-dimensional gauge group H = SO(10)× U(1). Again there
is no sign in four dimensions of the original supersymmetry.
c. Reduction of G = E8 over B = Sp(4)/(SU(2)× U(1))max.
Next we choose G = E8 and S/R = Sp(4)/(SU(2) × U(1))max.. The embedding of
R = (SU(2)× U(1))max is determined by the decomposition (45) when the SU(2) is chosen
to be the maximal subgroup of SU(3). In that case the decomposition of the 248 of E8 is
the following
E8 ⊃ SU(2)× U(1)× SO(10)
248 = (1, 1)0 + (3, 1)−4 + (3, 1)4
+(3, 1)0 + (5, 1)0 + (1, 45)0
+(3, 10)2 + (3, 10)−2 + (1, 16)3
+(3, 16)−1 + (1, 16)−3 + (3, 16)1. (46)
From the decomposition (46) is clear that the four-dimensional gauge group isH = CE8((SU(2)×
U(1))max.) = SO(10) × U(1). The R = (SU(2) × U(1))max. content of Sp(4)/(SU(2) ×
U(1))max. vector and spinor according to table 1 are 3−2+32 and 13+3−1 respectively under
R. Therefore the particle content of the four-dimensional theory is a set of 102, 10−2 scalars
and a set of 163, 16−1 left handed spinors. Once more no sign of the original supersymmetry
is left in the spectrum of the four-dimensional theory.
d. Reduction of G = E8 over B = Sp(4)× SU(2)/SU(2)× SU(2)× U(1).
Next we choose again G = E8 while S/R = Sp(4)× SU(2)/SU(2)× SU(2)×U(1). The
embedding of R = SU(2)× SU(2)× U(1) is given by the decomposition
E8 ⊃ SU(2)× SU(2)× U(1)× SO(10)
248 = (3, 1, 1)0 + (1, 3, 1)0 + (1, 2, 16)−1 + (1, 2, 16)1
+(1, 1, 1)0 + (1, 1, 45)0 + (1, 1, 10)2 + (1, 1, 10)−2
+(2, 2, 1)2 + (2, 2, 1)−2 + (2, 2, 10)0
+(2, 1, 16)1 + (2, 1, 16)−1, (47)
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where the R = SU(2)×SU(2)×U(1) is the maximal subgroup of SO(6) ≈ SU(4) appearing
in the decomposition (44). The four-dimensional gauge group that survives after dimensional
reduction is H = CE8(SU(2) × SU(2) × U(1)) = SO(10)× U(1). According to table 1 the
R = SU(2) × SU(2) × U(1) content of Sp(4) × SU(2)/SU(2) × SU(2) × U(1) vector and
spinor are (2, 2)0 + (1, 1)2 + (1, 1)−2 and (2, 1)1 + (1, 2)−1, respectively. Therefore the scalar
fields that survive in four dimensions belong to 100, 102, 10−2 of H = SO(10)×U(1). Simi-
larly the surviving fermions in four dimensions transform as 161, 16−1 left-handed multiplets.
e. Reduction of G = E8 over B = SU(3)× SU(2)/SU(2)× U(1)× U(1)
Choosing G = E8 and S/R = SU(3) × SU(2)/SU(2) × U(1) × U(1) we have another
interesting example. The embedding of R = SU(2) × U(1) × U(1) in E8 is given by the
decomposition
E8 ⊃ SU(2)× U(1)× U(1)× SO(10)
248 = (1, 45)(0,0) + (3, 1)(0,0) + (1, 1)(0,0) + (1, 1)(0,0) + (1, 1)(2,0)
+(1, 1)(−2,0) + (2, 1)(1,2) + (2, 1)(−1,2) + (2, 1)(−1,−2) + (2, 1)(1,−2)
+(1, 10)(0,2) + (1, 10)(0,−2) + (2, 10)(1,0) + (2, 10)(−1,0)
+(2, 16)(0,1) + (1, 16)(1,−1) + (1, 16)(−1,−1)
+(2, 16)(0,−1) + (1, 16)(−1,1) + (1, 16)(1,1), (48)
where the R = SU(2) × U(1) × U(1) is identified with the one appearing in the following
decomposition of maximal subgroups
SO(6) ⊃ SU(2)× SU(2)× U(1) ⊃ SU(2)× U(1)× U(1)
and the SU(2) × SU(2) × U(1) in E8 is the maximal subgroup of SO(6) appearing in the
decomposition (44). We find that the four-dimensional gauge group is H = CE8(SU(2) ×
U(1)× U(1)) = SO(10)× U(1)× U(1). The vector and spinor content under R of the spe-
cific coset can be found in table 1. Choosing a = b = 1 we find that the scalar fields of the
four-dimensional theory transform as 10(0,2), 10(0,−2), 10(1,0), 10(−1,0) under H . Also, we find
that the fermions of the four-dimensional theory are the following left-handed multiplets of
H : 16(−1,−1), 16(1,−1), 16(0,1).
f. Reduction of G = E8 over B = (SU(2)/U(1))
3.
Last we examine the case with G = E8 and S/R = (SU(2)/U(1))
3. The R = U(1)3 is
chosen to be identified with the three U(1) subgroups of SO(6) appearing in the decompo-
sition
SO(6) ⊃ SU(2)× SU(2)× U(1) ⊃ U(1)× U(1)× U(1),
where the SO(6) is again the one of the decomposition (44). Then we find the following
decomposition of 248 of E8,
E8 ⊃ U(1)× U(1)× U(1)× SO(10)
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248 = 1(0,0,0) + 1(0,0,0) + 1(0,0,0) + 1(0,0,±2) + 1(±4,∓2,0)
+1(0,±3,±1) + 1(0,∓3,±1) + 1(±4,±1,±1) + 1(±4,±1,∓1)
+45(0,0,0) + 16(−3,0,0) + 16(3,0,0) + 16(1,−2,0)
+16(−1,2,0) + 10(−2,−2,0) + 10(2,2,0)
+16(1,1,1) + 16(−1,−1,−1) + 16(1,1,−1) + 16(−1,−1,1)
+10(−2,1,1) + 10(2,−1,−1) + 10(−2,1,−1) + 10(2,−1,1). (49)
Therefore the four-dimensional gauge group is H = CE8(U(1)
3) = SO(10) × U(1)3. The
R = U(1)3 content of (SU(2)/U(1))3 vector and spinor can be found in table 1. With
a = b = c = 1 the vector and spinor become (0, 0,±2)+ (±2, 0, 0)+ (0,±2, 0) and (1, 1, 1)+
(−1,−1, 1)+ (−1, 1,−1)+ (1,−1,−1) respectively and therefore the four-dimensional scalar
fields transform as singlets, while fermions transform as left-handed 16(1,1,1), and 16(1,1,−1)
under H .
Note that in all above cases a - f the chosen embeddings of R in G satisfy eq.(30) and
therefore the the resulting four-dimensional theories are anomaly free.
3.2 Supersymmetry Breaking by Dimensional Reduction over non-
symmetric Coset Spaces
Next we start with the same theory in ten dimensions but we reduce it over the three non-
symmetric coset spaces listed in table 2.
a. Soft Supersymmetry Breaking by dimensional reduction over G2/SU(3)
First we choose B = G2/SU(3) [7]. We use the decomposition
E8 ⊃ SU(3)× E6
248 = (8, 1) + (1, 78) + (3, 27) + (3, 27) (50)
and we choose SU(3) to be identified with R. The R = SU(3) content of G2/SU(3) vector
and spinor is 3 + 3 and 1 + 3 as can be read from table 2. The condition (30) for the
cancellation of anomalies is satisfied and the resulting four-dimensional gauge group is H =
CE8(SU(3)) = E6, which contains fermion and complex scalar fields transforming as 78,
27 and 27 respectively. Therefore we obtain in four dimensions a N = 1 supersymmetric
anomaly free E6 gauge theory with a vector superfield grouping gauge bosons and fermions
transforming according to the adjoint and a matter chiral superfield grouping scalars and
fermions in the fundamental of the gauge group E6. In addition a very interesting feature
worth stressing is that the N = 1 supersymmetry of the four-dimensional theory is broken
by soft terms. More precisely the scalar soft terms appear in the potential of the theory and
the gaugino masses come from a geometric (torsion) term as already stated.
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We proceed by calculating these terms. In order to determine the potential we begin by
examining the decomposition of the adjoint of the specific S under R, i.e.
G2 ⊃ SU(3)
14 = 8 + 3 + 3. (51)
Corresponding to this decomposition we introduce the generators of G2
QG2 = {Qa, Qρ, Qρ}, (52)
where a = 1, . . . , 8 correspond to the 8 of SU(3), while ρ = 1, 2, 3 correspond to 3 or 3. Then
according to the decomposition (52), the non trivial commutation relations of the generators
of G2 are given in table 3 of appendix A.
The potential of any theory reduced over G2/SU(3) can be written in terms of the fields
{φa, φρ, φρ}, (53)
which correspond to the decomposition (52) of G2 under SU(3). The φa are equal to the
generators of the R subgroup. With the help of the commutation relations of Table 3 we
find that the potential of any theory reduced over G2/SU(3) is given by [2] :
V (φ) =
8
R41
+
4
3R41
Tr(φρφρ)− 1
2R41
(λi)ρσTr(Ji[φρ, φ
σ]) +
1
R41
√
2
3
ǫρστTr(φτ [φρ, φσ])
− 1
4R41
Tr([φρ, φσ][φ
ρ, φσ] + [φρ, φσ][φρ, φ
σ]), (54)
where the R1 appearing in the denominator of various terms is the radius of G2/SU(3).
Then to proceed with our specific choice G = E8 we use the embedding (50) of R = SU(3)
in E8 and divide accordingly the generators of E8
QE8 = {Qa, Qα, Qiρ, Qiρ} (55)
with a = 1, . . . , 8, α = 1, . . . , 78, i = 1, . . . , 27, ρ = 1, 2, 3. The non-trivial commutation
relations of the generators of E8 according to the decomposition (55) are given in table 4 of
appendix A. Next we would like to solve the constraints (33) which in the present case take
the form [φa, φρ] = −(λa)ρσφσ, and examine the resulting four-dimensional potential in terms
of the unconstrained scalar fields β. The solutions of the constraints in terms of the genuine
Higgs fields are
φa = Qa, φρ = R1β
iQiρ, φ
ρ = R1βiQ
iρ. (56)
In turn we can express the Higgs potential in terms of the genuine Higgs field β and we find
V (β) =
8
R41
− 40
3R21
β2−
[
4
R1
dijkβ
iβjβk + h.c
]
+βiβjdijkd
klmβlβm+
11
4
∑
α
βi(Gα)jiβjβ
k(Gα)lkβl,
(57)
where dijk, the symmetric invariant E6 tensor, and (G
α)ij are defined in ref.[32]. From
the potential given in eq.(57) we can read directly the F -, D- and scalar soft terms which
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break softly the supersymmetric theory obtained by CSDR over G2/SU(3). The F-terms
are obtained from the superpotential
W(B) = 1
3
dijkB
iBjBk, (58)
where B is the chiral superfield whose scalar component is β. Let us note that the super-
potential could also be identified from the relevant Yukawa terms of the fermion part of the
Lagrangian. Correspondingly the D-terms are
Dα =
√
11
2
βi(Gα)jiβj. (59)
The terms in the potential V (β) given in eq.(57) that do not result from the F - and D-terms
belong to the soft supersymmetry part of the Lagrangian. These terms are the following,
LscalarSSB = − 40
3R21
β2 −
[
4
R1
dijkβ
iβjβk + h.c
]
. (60)
Note that the potential (57) belongs to the case, discussed in subsection 2.3, that S can
be embedded in G [33]. Finally in order to determine the gaugino mass we calculate the V
operator given in eq.(40). Using eq.(42) we find that
Dabc =
R21
2
fabc (61)
and in turn the Gabc = Dabc +
1
2
Tabc is
Gabc =
R21
2
(1 + 3τ)fabc. (62)
In order to obtain the previous results the most general G2 invariant metric on G2/SU(3)
was used which is gab = R
2
1δab.
In addition we need the gamma matrices in ten dimensions given in appendix B. We find
that the gauginos acquire a geometrical mass
M = (1 + 3τ)
6√
3R1
. (63)
b. Soft Supersymmerty breaking by dimensional reduction over
Sp(4)/(SU(2)× U(1))non−max.
In this case we start again with a ten-dimensional supersymmetric gauge theory based
on the group E8 and reduce it over the non-symmetric coset Sp(4)/(SU(2)×U(1))non−max..
Therefore we have chosen G = E8 and B = Sp(4)/(SU(2) × U(1))non−max.. We begin by
giving the decompositions to be used,
E8 ⊃ SU(3)× E6 ⊃ SU(2)× U(1)×E6.
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The decomposition of 248 of E8 under SU(3)×E6 is given in eq.(50) while under (SU(2)×
U(1))×E6 is the following,
248 = (3, 1)0 + (1, 1)0 + (1, 78)0 + (2, 1)3 + (2, 1)−3
+(1, 27)−2 + (1, 27)2 + (2, 27)1 + (2, 27)−1. (64)
In the present case R is chosen to be identified with the SU(2)×U(1) of the latter of the above
decompositions. Therefore the resulting four-dimensional gauge group is H = CE8(SU(2)×
U(1)) = E6×U(1). The R = SU(2)×U(1) content of Sp(4)/(SU(2)×U(1))non−max. vector
and spinor according to table 2 are 12+ 1−2+ 21 + 2−1 and 10 + 1−2+ 21 respectively. Thus
applying the CSDR rules (24),(25) and (26),(27) we find that the surviving fields in four
dimensions can be organized in a N = 1 vector supermultiplet V α which transforms as
78 of E6, a N = 1 U(1) vector supermultiplet V and two chiral supermultiplets (Bi, C i),
transforming as (27, 1) and (27,−2) under E6 × U(1).
To determine the potential we have to go in the details and examine further the decom-
position of the adjoint of the specific S under R, i.e.
Sp(4) ⊃ (SU(2)× U(1))non−max.
10 = 30 + 10 + 12 + 1−2 + 21 + 2−1. (65)
Then, according to the decomposition (65) the generators of Sp(4) can be grouped as follows,
QSp(4) = {Qρ, Q,Q+, Q+, Qa, Qa}, (66)
where ρ takes values 1, 2, 3 and a takes the values 1, 2. The non-trivial commutation relations
of the Sp(4) generators given in (66) are given in table 5 of appendix A. Furthermore the
decomposition (66) suggests the following change in the notation of the scalar fields
{φI , I = 1, . . . , 10} −→ (φρ, φ, φ+, φ+, φa, φa), (67)
which facilitates the solution of the constraints (33).
On the other hand the potential of any gauge theory reduced over the coset space
Sp(4)/(SU(2)× U(1))non−max. was found [2] to be in terms of the redefined fields in (67),
V (φ) =
2Λ2 + 6
R41
+
4Λ2
R42
+
2
R42
Tr(φ+φ
+) +
2
R41
Tr(φaφ
a)
−2Λ
R42
Tr(Q[φ+, φ
+])− Λ
R41
Tr(Q[φa, φ
a])− 1
R41
(τρ)
a
bTr(Qρ[φa, φ
b])
[
−
√
2
R21
(
1
R22
+
1
2R21
)ǫabTr(φ+[φa, φb]) + h.c
]
+
1
2
(
1
R22
[φ+, φ
+] +
1
R21
[φa, φ
a])2
− 2
R21R
2
2
Tr([φ+, φa][φ
+, φa])− 1
R41
Tr([φa, φb][φ
a, φb]), (68)
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where, R1 and R2 are the coset space radii. In terms of the radii the real metric
1 of the coset
space is
gab = diag(R
2
1, R
2
1, R
2
2, R
2
2, R
2
1, R
2
1) (69)
To proceed we use the embedding (64) of SU(2)× U(1) in E8 and divide its generators
accordingly,
QE8 = {Gρ, G,Gα, Ga, Ga, Gi, Gi, Gai, Gai} (70)
where, ρ = 1, 2, 3, a = 1, 2, α = 1, . . . , 78, i = 1, . . . , 27. The non-trivial commutation
relations of the E8 generators grouped in (70) are given in table 6 of the appendix A.
Now the constraints (33) for the redefined fields in (67) become
[φ, φ+] = 2φ+, [φ, φa] = φa, [φρ, φa] = (τρ)
b
aφb. (71)
Then we can write the solutions of the constraints (71) in terms of the genuine Higgs fields
βi, γi and the E8 generators (70) corresponding to the embedding (64) as follows,
φρ = Gρ, φ =
√
3G,
φa = R1
1√
2
βiG1i, φ+ = R2γ
iGi. (72)
The potential (68) in terms of the physical scalar fields βi and γi becomes
V (βi, γi) = const− 6
R21
β2 − 4
R22
γ2
+
[
4
√
10
7
R2(
1
R22
+
1
2R21
)dijkβ
iβjγk + h.c
]
+6
(
βi(Gα)jiβj + γ
i(Gα)jiγj
)2
+
1
3
(
βi(1δji )βj + γ
i(−2δji )γj
)2
+
5
7
βiβjdijkd
klmβlβm + 4
5
7
βiγjdijkd
klmβlγm. (73)
From the potential (73) we read the F -, D- and scalar soft terms as in the previous model.
The F -terms can be derived from the superpotential
W(Bi, Cj) =
√
5
7
dijkB
iBjCk. (74)
The D-term contributions are the sum
1
2
DαDα +
1
2
DD, (75)
1The coset space can be considered as a complex three-dimensional space having coordinate indices a,+
with a = 1, 2 and metric g11 = g22 = 1
R2
1
and g++ = 1
R2
2
. The latter metric has been used to write the
potential in the form given in eq.(50).
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where
Dα =
√
12(βi(Gα)jiβj + γ
i(Gα)jiγj)
and
D =
√
2
3
(βi(1δji )βj + γ
i(−2δji )γj)
corresponding to E6×U(1). The rest terms in the potential (73) are the soft breaking mass
and trilinear terms and they form the scalar SSB part of the Lagrangian,
LscalarSSB = − 6
R21
β2 − 4
R22
γ2 +
[
4
√
10
7
R2(
1
R22
+
1
2R21
)dijkβ
iβjγk + h.c
]
. (76)
The gaugino mass has been calculated in ref.[25] to be
M = (1 + 3τ)
R22 + 2R
2
1
8R21R2
. (77)
We note that the chosen embedding of R = SU(2)× U(1) in E8 satisfies the condition (30)
which guarantees the renormalizability of the four-dimensional theory, while the absence of
any other term that does not belong to the supersymmetric E6 × U(1) theory or to its SSB
sector guarantees the improved ultraviolet behaviour of the theory as in the previous model.
Finally note the contribution of the torsion in the gaugino mass (77).
c. Soft Supersymmetry breaking by reduction over SU(3)/(U(1)× U(1)).
In this model the only difference as compared to the previous ones is that the chosen
coset space to reduce the same theory is the non-symmetric B = SU(3)/U(1)× U(1). The
decompositions to be used are
E8 ⊃ SU(2)× U(1)× E6 ⊃ U(1)× U(1)× E6
The 248 of E8 is decomposed under SU(2)× U(1) according to (64) whereas the decompo-
sition under U(1)× U(1) is the following:
248 = 1(0,0) + 1(0,0) + 1(3, 1
2
) + 1(−3, 1
2
) +
1(0,−1) + 1(0,1) + 1(−3,− 1
2
) + 1(3,− 1
2
) +
78(0,0) + 27(3, 1
2
) + 27(−3, 1
2
) + 27(0,−1) +
27(−3,− 1
2
) + 27(3,− 1
2
) + 27(0,1). (78)
In the present case R is chosen to be identified with the U(1)×U(1) of the latter decompo-
sition. Therefore the resulting four-dimensional gauge group is
H = CE8(U(1)× U(1)) = U(1)× U(1)× E6
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The R = U(1)×U(1) content of SU(3)/U(1)×U(1) vector and spinor are according to table
2,
(3,
1
2
) + (−3, 1
2
) + (0,−1) + (−3,−1
2
) + (3,−1
2
) + (0, 1)
and
(0, 0) + (3,
1
2
) + (−3, 1
2
) + (0,−1)
respectively. Thus applying the CSDR rules we find that the surviving fields in four dimen-
sions are three N = 1 vector multiplets V α, V(1), V(2), (where α is an E6, 78 index and the
other two refer to the two U(1)′s) containing the gauge fields of U(1) × U(1) × E6. The
matter content consists of three N = 1 chiral multiplets (Ai, Bi, C i) with i an E6, 27 index
and three N = 1 chiral multiplets (A, B, C) which are E6 singlets and carry U(1) × U(1)
charges.
To determine the potential we examine further the decomposition of the adjoint of the
specific S = SU(3) under R = U(1)× U(1), i.e.
SU(3) ⊃ U(1)× U(1)
8 = (0, 0) + (0, 0) + (3,
1
2
) + (−3, 1
2
) + (0,−1) +
(−3,−1
2
) + (3,−1
2
) + (0, 1). (79)
Then according to the decomposition (79) the generators of SU(3) can be grouped as
QSU(3) = {Q0, Q′0, Q1, Q2, Q3, Q1, Q2, Q3}. (80)
The non trivial commutator relations of SU(3) generators (80) are given in table 7 of the
appendix A. The decomposition (80) suggests the following change in the notation of the
scalar fields,
(φI , I = 1, . . . , 8) −→ (φ0, φ′0, φ1, φ1, φ2, φ2, φ3, φ3). (81)
The potential of any theory reduced over SU(3)/U(1) × U(1)) is given in terms of the
redefined fields in (81) by
V (φ) = (3Λ2 + Λ′2)
(
1
R41
+
1
R42
)
+
4Λ′2
R23
+
2
R22R
2
3
Tr(φ1φ
1) +
2
R21R
2
3
Tr(φ2φ
2) +
2
R21R
2
2
Tr(φ3φ
3)
+
√
3Λ
R41
Tr(Q0[φ1, φ
1])−
√
3Λ
R42
Tr(Q0[φ2, φ
2])−
√
3Λ
R43
Tr(Q0[φ3, φ
3])
+
Λ′
R41
Tr(Q′0[φ1, φ
1]) +
Λ′
R42
Tr(Q′0[φ2, φ
2])− 2Λ
′
R43
Tr(Q′0[φ3, φ
3])
+
[
2
√
2
R21R
2
2
Tr(φ3[φ1, φ2]) +
2
√
2
R21R
3
3
Tr(φ2[φ3, φ1]) +
2
√
2
R22R
2
3
Tr(φ1[φ2, φ3]) + h.c
]
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+
1
2
Tr
(
1
R21
([φ1, φ
1]) +
1
R22
([φ2, φ
2]) +
1
R23
([φ3, φ
3])
)2
− 1
R21R
2
2
Tr([φ1, φ2][φ
1, φ2])− 1
R21R
2
3
Tr([φ1, φ3][φ
1, φ3])
− 1
R22R
2
3
Tr([φ2, φ3][φ
2, φ3]), (82)
where R1, R2, R3 are the coset space radii
2. In terms of the radii the real metric3 of the coset
is
gab = diag(R
2
1, R
2
1, R
2
2, R
2
2, R
2
3, R
2
3). (83)
Next we examine the commutation relations of E8 under the decomposition (78). Under
this decomposition the generators of E8 can be grouped as
QE8 = {Q0, Q′0, Q1, Q2, Q3, Q1, Q2, Q3, Qα,
Q1i, Q2i, Q3i, Q
1i, Q2i, Q3i}, (84)
where, α = 1, . . . , 78 and i = 1, . . . , 27. The non-trivial commutation relations of the E8
generators (84) are given in tables 8.1 and 8.2 of appendix A.
Now the constraints (33) for the redefined fields in (81) are,
[φ1, φ0] =
√
3φ1 , [φ1, φ
′
0] = φ1,
[φ2, φ0] = −
√
3φ2 , [φ2, φ
′
0] = φ2,
[φ3, φ0] = 0 , [φ3, φ
′
0] = −2φ3. (85)
The solutions of the constraints (85) in terms of the genuine Higgs fields and of the E8
generators (84) corresponding to the embedding (78) of R = U(1) × U(1) in the E8 are,
φ0 = ΛQ0 and φ
′
0 = ΛQ
′
0,with Λ = Λ
′ = 1√
10
, and
φ1 = R1α
iQ1i +R1αQ1,
φ2 = R2β
iQ2i +R2βQ2,
φ3 = R3γ
iQ3i +R3γQ3, (86)
where the unconstrained scalar fields transform under U(1)× U(1)× E6 as
αi ∼ 27(3, 1
2
) , α ∼ 1(3, 1
2
),
βi ∼ 27(−3, 1
2
) , β ∼ 1(−3, 1
2
),
γi ∼ 27(0,−1) , γ ∼ 1(0,−1). (87)
The potential (82) becomes
V (αi, α, βi, β, γi, γ) = const. +
(
4R21
R22R
2
3
− 8
R21
)
αiαi +
(
4R21
R22R
2
3
− 8
R21
)
αα
2To bring the potential into this form we have used (A.22) of ref.[2] and relations (7),(8) of ref.[34].
3The complex metric that was used is g11 = 1
R2
1
, g
22 = 1
R2
2
, g
33 = 1
R2
3
.
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+
(
4R22
R21R
2
3
− 8
R22
)
βiβi +
(
4R22
R21R
2
3
− 8
R22
)
ββ
+
(
4R23
R21R
2
2
− 8
R23
)
γiγi +
(
4R23
R21R
2
2
− 8
R23
)
γγ
+
[√
280
(
R1
R2R3
+
R2
R1R3
+
R3
R2R1
)
dijkα
iβjγk
+
√
280
(
R1
R2R3
+
R2
R1R3
+
R3
R2R1
)
αβγ + h.c
]
+
1
6
(
αi(Gα)jiαj + β
i(Gα)jiβj + γ
i(Gα)jiγj
)2
+
10
6
(
αi(3δji )αj + α(3)α+ β
i(−3δji )βj + β(−3)β
)2
+
40
6
(
αi(
1
2
δji )αj + α(
1
2
)α + βi(
1
2
δji )βj + β(
1
2
)β + γi(−1δji )γj + γ(−1)γ
)2
+40αiβjdijkd
klmαlβm + 40β
iγjdijkd
klmβlγm + 40α
iγjdijkd
klmαlγm
+40(αβ)(αβ) + 40(βγ)(βγ) + 40(γα)(γα). (88)
From the potential (88) we read the F -, D- and scalar soft terms. The F -terms are obtained
from the superpotential
W(Ai, Bj, Ck, A, B, C) =
√
40dijkA
iBjCk +
√
40ABC. (89)
The D-terms have the structure
1
2
DαDα +
1
2
D1D1 +
1
2
D2D2, (90)
where
Dα =
1√
3
(
αi(Gα)jiαj + β
i(Gα)jiβj + γ
i(Gα)jiγj
)
,
D1 =
√
10
3
(
αi(3δji )αj + α(3)α+ β
i(−3δji )βj + β(−3)β
)
and
D2 =
√
40
3
(
αi(
1
2
δji )αj + α(
1
2
)α+ βi(
1
2
δji )βj + β(
1
2
)β + γi(−1δji )γj + γ(−1)γ
)
,
which correspond to the E6 × U(1)1 × U(1)2 structure of the gauge group. The rest terms
are the trilinear and mass terms which break supersymmetry softly and they form the scalar
SSB part of the Lagrangian,
LscalarSSB =
(
4R21
R22R
2
3
− 8
R21
)
αiαi +
(
4R21
R22R
2
3
− 8
R21
)
αα
+
(
4R22
R21R
2
3
− 8
R22
)
βiβi +
(
4R22
R21R
2
3
− 8
R22
)
ββ +
(
4R23
R21R
2
2
− 8
R23
)
γiγi +
(
4R23
R21R
2
2
− 8
R23
)
γγ
22
+
[√
280
(
R1
R2R3
+
R2
R1R3
+
R3
R2R1
)
dijkα
iβjγk
+
√
280
(
R1
R2R3
+
R2
R1R3
+
R3
R2R1
)
αβγ + h.c
]
. (91)
Note that the potential (88) belongs to the case analyzed in subsection 2.3 where S has an
image in G. Here S = SU(3) has an image in G = E8 [33] so we conclude that the minimum
of the potential is zero. Finally in order to determine the gaugino mass, we calculate the V
operator using appendix B. We find that the gauginos acquire a geometrical mass
M = (1 + 3τ)
(R21 +R
2
2 +R
2
3)
8
√
R21R
2
2R
2
3
. (92)
Note again that the chosen embedding satisfies the condition (30) and the absence in the
four-dimensional theory of any other term that does not belong to the supersymmetric E6×
U(1)×U(1) gauge theory or to its SSB sector. The gaugino mass (92), as in the two previous
models, has a contribution from the torsion of the coset space. A final remark concerning
the gaugino masses in all three models reduced over six-dimensional non-symmetric coset
spaces with torsion is that the adjustments required to obtain the canonical connection lead
also to vanishing gaugino masses. Contrary to the gaugino mass term the soft scalar terms
of the SSB do not receive contributions from the torsion. This is due to the fact that gauge
fields, contrary to fermions, do not couple to torsion.
Concluding the present subsection, we would like to note that the fact that, starting with
a N = 1 supersymmetric theory in ten dimensions, the CSDR leads to the field content of
an N = 1 supersymmetric theory in the case that the six-dimensional coset spaces used are
non-symmetric, can been seen by inspecting the table 2. More specifically, one notices in
table 2 that when the coset spaces are non-symmetric the decompositions of the spinor 4
and antispinor 4 of SO(6) under R contain a singlet, i.e. have the form 1 + r and 1 + r,
respectively, where r is possibly reducible. The singlet under R provides the four-dimensional
theory with fermions transforming according to the adjoint as was emphasized in subsection
2.3 and correspond to gauginos, which obtain geometrical and torsion mass contributions as
we have seen in all three cases of the present subsection 3.2. Next turning the decomposition
of the vector 6 of SO(6) under R in the non-symmetric cases, we recall that the vector can be
constructed from the tensor product 4×4 and therefore has the form r+ r. Then the CSDR
constraints tell us that the four-dimensional theory will contain the same representations of
fermions and scalars since both come from the adjoint representation of the gauge group G
and they have to satisfy the same matching conditions under R. Therefore the field content
of the four-dimensional theory is, as expected, N = 1 supersymmetric. To find out that
furthermore the N = 1 supersymmetry is softly broken, requires the lengthy and detailed
analysis that was done above.
4 Conclusions
The CSDR was originally introduced as a scheme which, making use of higher dimensions,
incorporates in a unified manner the gauge and the ad-hoc Higgs sector of the spontaneously
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broken gauge theories in four dimensions [1]. Next fermions were introduced in the scheme
and the ad-hoc Yukawa interactions have also been included in the unified description [4, 6].
Of particular interest for the construction of fully realistic theories in the framework of
CSDR are the following virtues that complemented the original suggestion: (i) The possibil-
ity to obtain chiral fermions in four dimensions resulting from vector-like representations of
the higher dimensional gauge theory [6, 2]. This possibility can be realized due the presence
of non-trivial background gauge configurations which are introduced by the CSDR construc-
tions [35], (ii) The possibility to deform the metric of certain non-symmetric coset spaces
and thereby obtain more than one scales [24, 2, 36], (iii) The possibility to use coset spaces,
which are multiply connected. This can be achieved by exploiting the discrete symmetries of
the S/R [37, 2]. Then one might introduce topologically non-trivial gauge field [38] configu-
rations with vanishing field strength and induce additional breaking of the gauge symmetry.
It is the Hosotani mechanism [39] applied in the CSDR.
In the above list recently has been added the interesting possibility that the popular
softly broken supersymmetric four-dimensional chiral gauge theories might have their origin
in a higher dimensional supersymmetric theory with only vector supermultiplet [7], which is
dimensionally reduced over non-symmetric coset spaces.
In the present paper we have presented explicit and detailed examples of CSDR of a
supersymmetric E8 gauge theory over all possible six-dimensional coset spaces. Out of
our study there are two cases that single out for further study as candidates to describe
realistically the observed low energy world. Both are known GUTs containing three fermion
families and scalars appropriate for the spontaneous electroweak breaking. One case is based
on the reduction of the E8 over the symmetric coset space SU(3)×SU(2)/SU(2)×U(1)×U(1)
and leads to an SO(10)-type non supersymmetric GUT in four dimensions. The other is
based of the reduction of the same ten-dimensional gauge group over the non-symmetric coset
space SU(3)/U(1)×U(1) and leads to an E6-type softly broken supersymmetric GUT in four
dimensions. Both require some additional mechanism to break the four-dimensional GUT
gauge group. Such a possibility is offered by the Hosotani mechanism, mentioned already,
and in both cases there exist discrete symmetries acting freely on the corresponding coset
spaces that can been used. We plan to return with a complete analysis of the possibilities
to extract viable phenomenology from both models.
The current discussion on the higher dimensional theories with large extra dimensions
provides a new framework to examine further the CSDR. An obvious advantage is a reex-
amination of CSDR over symmetric coset spaces. The fact that the four-dimensional scalar
potential obtained from the reduction over symmetric coset spaces is tachyonic and appro-
priate for the electroweak symmetry breaking excludes the possibility of radii with size of the
order of inverse of GUT or Planck scales, contrary to radii of inverse TeV scale. Similarly
it is worth reexamining the cases that S can be embedded in the higher dimensional gauge
group G and therefore the final gauge group after spontaneous symmetry breaking can be
determined group theoretically. Again the spontaneous symmetry breaking is appropriate
for the electroweak symmetry breaking, while there are not known examples that such a
breaking is suitable for the GUT breaking. These latter cases provide also the advantage
that the resulting four-dimensional theory has vanishing cosmological constant. Finally the
classical treatment used in CSDR is justified in the case of large radii which are far away
24
from the scales that the quantum effects of gravity are important.
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Appendix A.
In this appendix we collect the tables of the six-dimensional coset spaces S/R with S
simple or semisimple and rankS = rankR, and the tables of the commutation relations
needed for our calculations.
Table 1
Six-dimensional symmetric cosets with rankS = rankR
S/R SO(6) vector SO(6) spinor
SO(7)/SO(6) 6 4
SU(4)/SU(3)× U(1) 3−2 + 32 13 + 3−1
Sp(4)/(SU(2)× U(1))max 3−2 + 32 13 + 3−1
SU(3)× SU(2)/SU(2)× U(1)× U(1) 10,2a + 10,−2a 1b,−a + 1−b,−a
+2b,0 + 2−b,0 +20,a
Sp(4)× SU(2)/SU(2)× SU(2)× U(1) (1, 1)2 + (1, 1)−2 (2, 1)1 + (1, 2)−1
+(2, 2)0
(SU(3)/U(1))3 (2a, 0, 0) + (−2a, 0, 0) (a, b, c) + (−a,−b, c)
+(0, 2b, 0) + (0,−2b, 0) +(−a, b,−c) + (a,−b,−c)
(0, 0, 2c) + (0, 0,−2c)
Table 2
Six-dimensional non-symmetric cosets with rankS = rankR
S/R SO(6) vector SO(6) spinor
G2/SU(3) 3 + 3 1 + 3
Sp(4)/(SU(2)× U(1))non−max 12 + 1−2 + 21 + 2−1 10 + 12 + 2−1
SU(3)/U(1)× U(1) (a, c) + (b, d) + (a+ b, c + d) (0, 0) + (a, c) + (b, d)
+(−a,−c) + (−b,−d) +(−a− b,−c− d)
+(−a− b,−c− d)
Table 3
Non-trivial commutation relations of G2 according to
the decomposition given in eq.(52)[
Qa, Qb
]
= 2ifabcQc [Qa, Qρ] = −(λa)ρσQσ
[Qρ, Qσ] = −(λa)ρσQa [Qρ, Qσ] = 2
√
2
3
ǫρστQτ
The normalization is
TrQaQb = 2δab, T rQρQσ = 2δ
ρ
σ.
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Table 4
Non-trivial commutation relations of E8 according to
the decomposition given in eq.(55)[
Qa, Qb
]
= 2ifabcQc
[
Qα, Qβ
]
= 2igαβγQγ
[Qa, Qiρ] = −(λα)ρσδijQjσ [Qiρ, Qjσ] = 1√6ǫρστdijkQkτ
[Qiρ, Qjσ] = −(λa)ρσδijQa+ [Qα, Qiρ] = (Gα)ijδρσQjσ
1
6
δρσ(G
α)ijQ
α
The normalization is
TrQaQb = 2δab, T rQαQβ = 12δαβ, T rQiρQjσ = 2δ
i
jδ
ρ
σ.
Table 5
Non-trivial commutation relations of Sp(4) according to
the decomposition given in eq.(66)
[Qρ, Qσ] = 2iǫρστQτ [Q,Qa] = Qa [Qρ, Qa] = (τρ)
b
aQb
[Q,Q+] = 2Q+ [Qa, Q
+] = −√2ǫabQb [Qa, Qb] =
√
2ǫabQ+[
Qa, Q
b
]
= δabQ + (τρ)
b
aQρ [Q+, Q
+] = 2Q
The normalization in the above table is given by
Tr(QρQσ) = 2δρσ, Tr(QaQ
b) = 2δba, Tr(Q+Q
+) = 2.
Table 6
Non-trivial commutation relations of E8 according to
the decomposition given in eq.(70)[
Gα, Gβ
]
= 2igαβγGγ [Gρ, Gσ] = 2iǫρστGτ
[G,Ga] =
√
3Ga [G,Gj] = − 2√
3
Gj
[G,Gaj ] = 1√
3
Gaj [Gρ, Ga] = −(τρ)abGb
[Gα, Gi] = −(Gα)ijGj [Gα, Gai] = −(Gα)ijGaj
[Ga, Gj] =
√
2Gaj
[
Ga, G
bj
]
=
√
2δbaG
j
[Gi, Gaj ] = −
√
5
7
ǫabdijkGbk
[
Gai, Gbj
]
=
√
5
7
ǫabdijkGk
[Gi, Gaj ] =
√
2δijGa [G
a, Gb] =
√
3δab − (τρ)abGρ
[Gi, Gj ] = − 2√3δijG+ (Gα)ijGα [Gai, Gbj] = 1√3δijδabG+ δab (Gα)ijGα − δij(τρ)abGρ
The normalization in the above table is as follows
Tr(GρGσ) = 2δ
ρσ, T r(GαGβ) = 12δαβ, T r(GaGb) = 2δ
a
b
Tr(GG) = 2, T r(GiGj) = 2δ
i
j, T r(G
aiGbj) = 2δ
a
b δ
i
j
.
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Table 7
Non-trivial commutation relations of SU(3) according to
the decomposition given in eq.(80)
[Q1, Q0] =
√
3Q1 [Q1, Q
′
0] = Q1 [Q2, Q0] = −
√
3Q2
[Q2, Q
′
0] = Q2 [Q3, Q0] = 0 [Q3, Q
′
0] = −2Q3
[Q1, Q
1] = −√3Q0 −Q′0 [Q2, Q2] =
√
3Q0 −Q′0 [Q3, Q3] = 2Q′0
[Q1, Q2] =
√
2Q3 [Q2, Q3] =
√
2Q1 [Q3, Q1] =
√
2Q2
The normalization in the above table is
Tr(Q0Q0) = Tr(Q
′
0Q
′
0) = Tr(Q1Q
1) = Tr(Q2Q
2) = Tr(Q3Q
3) = 2
Table 8.1
Non-trivial commutation relations of E8 according to
the decomposition given by eq.(84)
[Q1, Q0] =
√
30Q1 [Q1, Q
′
0] =
√
10Q1 [Q2, Q0] = −
√
30Q2
[Q2, Q
′
0] =
√
10Q2 [Q3, Q0] = 0 [Q3, Q
′
0] = −2
√
10Q3
[Q1, Q
1] = −√30Q0 −
√
10Q′0 [Q2, Q
2] =
√
30Q0 −
√
10Q′0 [Q3, Q
3] = 2
√
10Q′0
[Q1, Q2] =
√
20Q3 [Q2, Q3] =
√
20Q1 [Q3, Q1] =
√
20Q2
[Q1i, Q0] =
√
30Q1i [Q1i, Q
′
0] =
√
10Q1i [Q2i, Q0] = −
√
30Q2i
[Q2i, Q
′
0] =
√
10Q2i [Q3i, Q0] = 0 [Q3i, Q
′
0] = −2
√
10Q3i
[Q1i, Q2j ] =
√
20dijkQ
3k [Q2i, Q3j ] =
√
20dijkQ
1k [Q3i, Q1j ] =
√
20dijkQ
2k[
Qα, Qβ
]
= 2igαβγQγ [Qα, Q0] = 0 [Q
α, Q′0] = 0
[Qα, Q1i] = −(Gα)jiQ1j [Qα, Q2i] = −(Gα)jiQ2j [Qα, Q3i] = −(Gα)jiQ3j
Table 8.2
Further non-trivial commutation relations of E8
according to the decomposition given in eq.(84)
[Q1i, Q
1j] = −1
6
(Gα)jiQ
α −√30δjiQ0 −
√
10δjiQ
′
0
[Q2i, Q
2j] = −1
6
(Gα)jiQ
α +
√
30δjiQ0 −
√
10δjiQ
′
0
[Q3i, Q
3j ] = −1
6
(Gα)jiQ
α + 2
√
10δjiQ
′
0
The normalization is
Tr(Q0Q0) = Tr(Q
′
0Q
′
0) = Tr(Q1Q
1) = Tr(Q2Q
2) = Tr(Q3Q
3) = 2.
T r(Q1iQ
1j) = Tr(Q2iQ
2j) = Tr(Q3iQ
3j) = 2δji .
T r(QαQβ) = 12δαβ.
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Appendix B.
Here we give some details related to the calculation of the V operator in the case of
SU(3)/U(1)× U(1) and the gaugino mass (92).
To calculate the V operator in the case of SU(3)/U(1)×U(1) we use the real metric of the
coset, gab = diag(a, a, b, b, c, c) with a = R
2
1, b = R
2
2, c = R
2
3. Using the structure constants
of SU(3), f 312 = 2, f
8
45 = f
8
67 =
√
3, f 624 = f
7
14 = f
7
25 = −f 736 = −f 615 = −f 534 = 1,
(where the indices 3 and 8 correspond to the U(1)×U(1) and the rest are the coset indices)
we calculate the components of the Dabc:
D523 = D613 = D624 = D541 = −D514 = −D532 = −D631 = −D624 = 12(c− a− b).
D235 = D136 = D624 = D154 = −D145 = −D253 = −D163 = −D264 = 12(a− b− c).
D352 = D361 = D462 = D415 = −D451 = −D325 = −D316 = −D426 = 12(b− c− a).
From the D’s we calculate the contorsion tensor
Σabc = 2τ(Dabc +Dbca −Dcba),
and then the tensor
Gabc = Dabc +
1
2
Σabc
which is
G523 = G613 = G642 = G541 = −G514 = −G532 = −G631 = −G642 = 12 [(1 − τ)c − (1 + τ)a−
(1 + τ)b].
G235 = G136 = G246 = G154 = −G145 = −G253 = −G163 = −G264 = 12 [−(1− τ)a+ (1+ τ)b+
(1 + τ)c].
G352 = G361 = G462 = G415 = −G451 = −G325 = −G316 = −G426 = 12 [−(1 + τ)a+ (1− τ)b−
(1 + τ)c].
In addition we need the gamma matrices. In ten dimensions we have {Γµ,Γν} = 2ηµν with
Γµ = γµ ⊗ I8 and {Γa,Γb} = −2gab, where
Γa =
1√
ra
γ5 ⊗
[
0 γa
γa 0
]
with a = 1, 2, 3, 5, 6 and
Γ4 =
1√
r4
γ5 ⊗
[
0 iI4
iI4 0
]
.
In the present case we have r1 = r2 = a, r3 = r4 = b and r5 = r6 = c. The γ
a matrices are
given by γ1 = σ1 ⊗ σ2 , γ2 = σ2 ⊗ σ2, γ3 = −I2 ⊗ σ3, γ5 = σ3 ⊗ σ2, γ6 = −I2 ⊗ σ1. Using
these matrices we calculate Σab = 1
4
[Γa,Γb] and then GabcΓ
aΣbc.
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